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Abstract

The diameter of an artery can narrowdue to blood clots or accumulations of cholesterol obstruct-
ing blood flow in one or more retinal arteries, leading to the occurrence of Retinal Artery Oc-
clusion (RAO) and painless vision loss. This study introduces a mathematical model to analyze
blood flow in Branch Retinal Artery Occlusion (BRAO). Built using the Finite Volume Method
(FVM), themodel includedvariability in its geometric (thickness and length of constriction) and
three-dimensional topological structures. The model was developed using the QUICK method
and simulated to determine the effect of stenosis and initial flow velocity on the emergence of
eye stroke with the aid of MATLAB. This simulation documented the magnitude of velocity and
pressure for various forms of stenosis to analyze the causes of eye stroke. Computational Fluid
Dynamics was employed to simulate turbulent flow in BRAO using ANSYS FLUENT. The re-
sults show that 90% thickness clot in a branch of the retinal artery can be extremely dangerous
because the flow rate and pressure exceed normal limits. With the increased severity of stenosis,
the pressure and wall shear stress at the stenosis region also increase, eventually and the high-
speed flow rate formed at the stenosed region begins to dominate the flow. The conclusion of
present study is relevant to the investigation of disease arteries and has contributed to a more
fine-cut understanding of the impact of BRAO on eye stroke.
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1 Introduction

The Joint National Committee for the Prevention, Detection, Evaluation, and Treatment of
High Blood Pressure (JNC VI) [5] and theWorld Health Organization and the International Soci-
ety of Hypertension (WHO-ISH) [22] have acknowledged that a person with a systolic pressure
of 130 to 139 mm Hg and a diastolic pressure of 85 to 89 mm Hg is identified to have a normal
high blood pressure. High blood pressure can damage the arteries that carry blood to the eyes.
When blood clots or accumulations of cholesterol obstruct blood flow in one or more retinal arter-
ies, Retinal Artery Occlusion (RAO) will emerge. Although rare, RAO can cause painless vision
loss [18, 27]. Similar to common stroke that affects our brain, this incident is indicated by the
block of blood flow in the eyes. Apart from the brain, strokes can also occur in the eyes due to
blockage of blood vessels in the retina, resulting in an abrupt decline in visual acuity and even
permanent blindness. One of the causes of this disease is clots in the blood vessels of the eye’s
retina. Eye strokes can be caused by blood clots in the retina. Apart from that, this blockage can
also occur when plaque blocks the retinal blood vessels. Blockage may occur in the main artery or
its branches. The geometry of stenosis affects blood flow in the arteries, depending on the shape,
length, and height of the stenosis.

Therefore, mathematical studies on such situations are important to investigate [1]. Reti-
nal ischemia can occur either temporarily or permanently due to branch retinal artery occlusion
(BRAO) or central retinal artery occlusion (CRAO) [13] refer to Figures 1 and 2. BRAO is a com-
mon ocular vascular occlusion disorder [16]. Diseases associated with arterial stenosis play an
essential role in hemodynamics because they disrupt flow patterns, which cause variations in
wall pressure and wall shear stress in the arteries [4]. The diagnosis of BRAO is based on various
clinical findings. First, there is a history of a sudden decrease in eye vision. Another finding is
concerned with initial ophthalmic evaluation, which is associated with acute retinal ischemia in
the distribution of the occluded retinal artery branches. Finally, based on an invasive diagnostic
procedure in this study, there is no clear circulation in the involved retinal artery branch, except
in eyes with transient BRAO [13, 12].

Figure 1: Color fundus of the right eye with supero-temporal branch retinal artery occlusion [12, 14].

Many studies have focused on retinal artery stenosis. Lauda et al. [16] conclude that acute
brain infarction occurred in 23% of 213 BRAO patients. This finding has further substantiated that
vision loss is the only symptom identified in 90% of these patients. Another study conducted by
Lavallee et al. [17] underscores that ischemia is a causative factor in 93.3% of Transient Ischemic
Attack (TIA) patients who experience monocular vision loss. In addition, Pinna [23] reports that
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approximately 60% of the patients with simultaneous BRAO and Central Retinal Vein Occlusion
(CRVO) are at risk of vascular complications. Notwithstanding, these studies have yet to detect
the simultaneous effects of the degree of constriction and the initial velocity of the flow on the
fluid flow pattern. The present study aims to address this gaping void.

Figure 2: 3D mask of ischemic branch retinal artery occlusion.

Various mathematical models of blood flow in vascular constrictions have been developed in
the last decades. These models revealed numerous hidden characteristics of blood flow, such as
fluid behavior and flow properties [19]. Many studies focus on mathematical models to analyze
the effect of stenosis on flow patterns, velocity, pressure, and shear stress, by delving into the de-
gree of emergent disease stenosis. Roy et al. [26] document how blood flowpatterns in the arterial
stenosis of the heart. Andayesh [3] also explores the flow patterns in stenosed renal arteries based
on the degree of stenosis and branching angle. Another study by Ali et al. [2] discuss a mathe-
matical model to examine blood flow through a blocked cylindrical blood vessel of the heart. A
model for blood flow in cardiovascular disease in cardiac arteries in terms of the simultaneous
influence of the geometric shape of the stenosis has been developed by Kumar et al. [15].

Despite the existing lines of inquiry, more research is called upon to further examine the blood
flow through stenosed or blocked arteries, in light of advancing biomedical applications. The cu-
mulative effect of physical properties can be helpful in understanding such observations. To our
knowledge, there has been no research on blood flow in the vasoconstriction in the retinal arteries
of the eye, especially in cases of BRAO. Therefore, this research seeks to develop a mathematical
model devoted to examining BRAO. This objective is closely related to the degree of constriction
and the initial velocity of blood flow, and it is projected to shed light on the following underre-
searched area:

1. Simultaneous effect of blood flow at various degrees of stenosis in BRAO cases.
2. Simultaneous effect of blood flow on various degrees of initial flow velocity in BRAO cases.
3. Clustering the ANSYS simulation results using K-Means Clustering into a bar chart form

makes it easier for researchers to classify velocity, pressure, and wall shear stress.

1.1 Mathematical model

Several internal and external factors cause stenosis of the retinal blood vessels. This numeri-
cal simulation helps the medical research community determine the internal factors driving wall
stenosis and often enable the determination of flow variable which is difficult to obtain through
experiments, e.g. wall shear stresses [25]. To support the analysis of the stenosis and identify the
ischemic site, the geometry of the stenosis is put under investigation, and a diagram is created, as
shown in Figure 3. The working fluid refers to blood, which has the properties of a Newtonian
fluid, incompressible, unsteady, and turbulent.
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Figure 3: Flow geometry of the stenosed tube.

The equations governing the boundary conditions for simulating the hydrodynamics of blood
flow in BRAO are defined as follows,

∂ui

∂xi
= 0, (1)

∂ρui

∂t
+

∂ρuiuj

∂xj
= − ∂P

∂xi
+ µ

∂2ui

∂xi
2
. (2)

Pralhad and Schultz [9, 24] express the mathematical formula for the geometry of the stenosis
that is assumed to be symmetrical is given by,

R(z) =

R0 −
δs

2

(
1 + cos

2π

Lo

(
z − d− Lo

2

))
, d ≤ z ≤ d+ Lo,

R0, others,
(3)

where

R(z) = radius on stenosis,
R0 = the arterial radius,
δs = the maximum height of the stenosis,
L = the arterial length,
Lo = the total length of the stenosis,
z = flow direction,
d = stenosis location,
u = v = 0; at the arterial wall (r = R(z)).

The literature [26] shows that the stenosed arterywall is considered rigid and immobile. When
flowing, the friction between the fluid and the wall is negligible at the wall, so the pressure gradi-
ent normal to the wall is assumed to be zero. Roy et al. [26] explains the velocity of fluid flowing
in a narrowed channel as follows,

u = 2U0

(
1−

(
r

R(z)

)2
)
, at the inlet (at z = 0) . (4)

Pousielle’s law [7, 10] states that fluid flow through a cylindrical pipe with length L and trans-
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verse radius r can be determined by the formula,

Q =
π∆Pr4

8ηL
. (5)

With ∆P is the pressure gradient, η is the viscosity of the fluid, L is the length of tube, Q is the
flow, r is the radius of tube.

2 Methodology

The Navier-Stokes equations (1) and continuity (2) were used to calculate the velocity and
pressure field in the stenotic of the retinal artery branch. The finite volume method (FVM) was
used to discretize the above-mentioned equations [29]. To solve the fluid flow equation, we used
the Quadratic Upstream Interpolation for Convective Kinetics (QUICK) algorithm as Figure 4.
This algorithm uses three-point upstream weighted square interpolation for cell face values. The
face value ∅ was obtained from a quadratic function passing through two bracketing nodes (on
each side of the face) and a node on the upstream side [20].

Figure 4: Discretization of QUICK method.

∅e (i, j) = ∅ (i, j) + g1 (∅ (i+ 1, j)− ∅ (i, j)) + g2 (∅ (i, j)− ∅ (i− 1, j)) . (6)
Note that:

g1 =

[
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][
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]
[
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] , (7)
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Substitute (7) and (8) into (6), which is displayed as follows:
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∅w(i, j) = −1
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The next step was to discretize the branch retinal artery blood vessels into linear equations that
would be solved using MATLAB. ANSYS Fluent (version 2024R1, ANSYS Inc.) was used to solve
the turbulence model of Newtonian fluid flow at BRAO, which involved dividing the simulation
domain into a series of small interconnected volumes or control cells. Variable values (velocity
and pressure) were then calculated at the center of mass of these cells. ANSYS Fluent employed
an iterative algorithm to solve these equations until a convergent solution was obtained The sim-
ulation time step size was set to 0.1 seconds by running 200-step iterations. The next step was to
analyze the simulation results with the aid of the ANSYS application to draw further conclusions.
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Image segmentation aided in classifying images into different groups. One technique in image
segmentation is clustering. In this research, theK-means grouping algorithmwas used to interpret
images from Computational Fluids Dynamics (CFD) simulation results and group them into k
groups of images [8, 28]. For example, there was an image with x× y resolution, and the image
was grouped into k number of clusters. Let p(x, y) be the input pixel to be used as a cluster and
ck be the cluster center. The algorithm for k-means clustering [21] was defined as follows:

1. Initialize the number of clusters k and centers.
2. For each pixel in the image, calculate the Euclidean distance d between the image center and

each pixel by using the following formula,

||d = p(x, y)− ck||. (11)

3. Assign all pixels to the nearest center based on distance d.
4. After all pixels have been assigned, recalculate the new center position using the following

formula,

ck =
1

k

∑
p(x, y). (12)

5. Repeat the process until the tolerance or error value is reached.
6. Convert the cluster pixels to an image.
7. Classify the resulting cluster images into a bar chart.

3 Results And Discussion

Table 1 presents the factors that influence bloodflow rate in BRAOdue to eye stroke [11, 6]. Nu-
merical experimentswere carried out for flow through a stenotic arterywith variations in blockage
and volume reduction of 45%, 60%, 75%, and 90%.

Table 1: Parameters values regarding factors that influence blood flow rate in BRAO.

Parameter Value
Diameter renal artery 265± 20µm

Blood density 1.054− 1.060kg/m3

Viscosity 0.003kg/ms

Hypertensive blood pressure Systolic :> 140mmHg

Diastolic :> 90mmHg

Velocity artery 0.19− 0.49m/s

Initial Velocity 0.3m/s

Pressure 17331Pa

Thermal Conductivity 0.44W/mK

The numerical simulation results demonstrated how thickness influenced the blood flow rate
in BRAO. In the first simulation, a thickness percentage of 45% of the Retinal Artery branch diam-
eter (119µm) was used. The second simulation used 60% of the Retinal Artery branch diameter
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(159µm). The third one used 75% (199µm). The last simulation used 90% (238µm). The simula-
tion results (refer to Figure 5) indicate that the flow velocity in the area prior to the stenosis has a
standard blood velocity and continues to rise towards the central area of the stenosis. Outside the
central region of constriction, the flow velocity begins to decrease as the flow cross-sectional area
gradually increases. Numerical simulation results demonstrate that the greater the thickness of
the clot, the greater the blood flow rate. With a thickness of 90%, the blood flow rate has exceeded
the standard flow rate limit (> 0.49m/s), which makes the blood vessels prone to rupture.

Figure 5: The numerical simulation results of flow velocity in BRAO: (a) Based on thickness of stenosis. (b) Based on initial flow velocity.

The second numerical simulation aimed to determine the effect of thickness on fluid flow pres-
sure. This simulation applied the same thickness level as the previous simulation. Figure 6 de-
picts that the variation of pressure for various inputs with R0 = 1, L = 10µm, and L0 = 100µm.
Based on the simulation results, it can be seen that the area before the stenosis has high pressure
(17522 Pa) and continues to fall toward the central area of the stenosis (17270 Pa). Outside the
central region of stenosis, the pressure begins to increase as the flow cross-sectional area gradu-
ally increases. For stenosis thickness δs = 238µm (90%), the blood flow pressure fluctuations are
quite large, ranging from 17270−17522 Pa, while the smallest fluctuations occur for clot thickness
δs = 119µm (45%), which is 17327− 17466 Pa (refer to Table 2). This coheres with research con-
ducted by Roy et al. [26] and Ali et al. [2], noting that the pressure in the blood vessels before the
stenosis area tends to be high, which subsequently decreases towards the center of the stenosis.
This pressure is presumed to increase again in areas away from the center of stenosis. The greatest
intensity of stenosis occurs in the area with the highest degree of narrowing.

Figure 6: The numerical simulation results of pressure in BRAO: (a) Based on thickness of stenosis. (b) Based on initial flow velocity.
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Table 2: Numerical simulation results for flow velocity, pressure and wall share based on thickness level.

Thickness level Velocity Pressure Wall Shear
45%(119µm) 0.006− 0.439m/s 17327− 17466Pa 1.425− 9.928Pa

60%(159µm) 0.010− 0.439m/s 17327− 17494Pa 1.425− 11.345Pa

75%(199µm) 0.015− 0.494m/s 17299− 17494Pa 1.425− 11.345Pa

90%(238µm) 0.055− 0.549m/s 17270− 17522Pa 1.425− 14.179Pa

Figures 7 and 8 show the velocity distribution at the inlet and outlet channels in BRAO with
different levels of stenosed area. The velocity continues to increase until it reaches the location of
maximum stenosis. In simulations 7(b) and 7(c), with a stenosis level of 45%− 60%, respectively,
the turbulent flow has not occurred in the stenosis area, and the flow velocity remains normal. In
the second simulation, 7(d), with a stenosis level of 75%, turbulent flow appears in the stenosis
area, but the velocity remains normal. For a 90% stenosis, the velocity has exceeded the standard
limit of blood flow velocity. Extremely high velocity, associatedwith over 90% stenosis, is believed
to cause fatal outcomes.

Figure 7: Flow vector plots in planes in the fluid domain for a non-deformed and stenotic retinal vessel model when a flow rate of 0.3m/s
at the inlet is applied: (a) Non stenosis. (b) 45% stenosed. (c) 60% stenosed. (d) 75% stenosed. (e) 90% stenosed.

Figure 8: Velocity in pre-stenosis, stenosis center, and post-stenosis with stenosis ranging from 45% to 90%.
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The pressure contour on the surface of the retinal artery branch is shown in Figure 9. For all
cases, the maximum pressure occurs at the inlet of the blood vessel, which then hits the branch
wall and separates into two streams. A low-pressure area characterizes the stenosis area, while the
upstream area has higher pressure. As shown in Figure 7, the flow velocity continues to increase
until it reaches the location ofmaximum stenosis. By implication, as blood flows at an increasingly
higher velocity, this causes an increasing negative pressure gradient in that direction. Therefore,
the area before the stenosis will have a higher pressure, yet the pressure will continue to decline
until it reaches the central area of stenosis. The pressure will increase as the resistance in the
blood flow area increases. In regions beyond the central stenosis, there is a gradual increase in
pressure as the flow cross-sectional area begins to expand. The pressure contours in the BRAO
cases are shown in Figure 9. For all cases, the maximum pressure occurs at the bifurcation region
as the blood flow hits it and separates into two streams. A low-pressure region characterizes the
stenosis region, while the upstream part has a higher pressure. The flow velocity continues to
increase until maximum stenosis, as shown in Figure 9. As a result, when blood flows at a higher
velocity, the negative pressure gradient rises in that direction. Therefore, the pressurewill increase
upstream of the stenosis and drop until the maximum stenosis is reached-the maximum pressure
increases along with the obstruction in the flow area. The pressure rises again when the flow
increases gradually beyond the maximum stenosis.

Figure 9: The pressure on the surface of a model of non-deformed and stenosed retinal vessels: (a) Non stenosis. (b) 45% stenosed. (c)
60% stenosed. (d) 75% stenosed. (e) 90% stenosed.

Figure 10: Plot of wall shear on the surface of a model of non-deformed and stenosed retinal vessels: (a) Non stenosis. (b) 45% stenosed.
(c) 60% stenosed. (d) 75% stenosed. (e) 90% stenosed.
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The contours of the wall shear stress at the stenosed retinal artery bifurcation are shown in
Figure 10. Based on the simulation results, as the degree of stenosis increases, the wall shear
stress also increases in the stenosis area. At 45% − 75% stenosis, the magnitude of wall shear
stress ranges from 5.6 to 9.9 Pa; at 90% stenosis, there is a considerable increase in wall shear
stress, ranging from 9.9 to 14.1 Pa. This results from the increase in overall geometric curvature
as the effect of the stenosis further reduces the volume of the domain by pushing against it.

Figure 11: Comparison of ANSYS results and numerical results of blood flow velocity and pressure in BRAO.

In general, the comparison of simulation results between the numerical solution using the
SIMPLE algorithm and ANSYS demonstrates the same trend. Figures 11 indicate a satisfactory
coherence between the numerical and ANSYS calculations.

3.1 Cluster size distribution

The image segmentation with K-Means clustering for two domains (refer to Figures 7 and 9),
starting from a stenosis level of 0% to 90%, is shown in Figures 4 and 5. When the blob thickness
level increases, the cluster’s contribution to the more significant one increases due to the emer-
gence of turbulent flow. This occurs in both domains (refer to Figures 6 and 7), namely flow ve-
locity and pressure in BRAO. The distribution of cluster size for each domain is shown in Figures
8 and 9.

Figure 12 shows the clusterization results of flowvelocity based onCFD simulation resultswith
different levels of constriction. This clusterization is processed from the CFD simulation results in
Figure 12 by using the K-Means clustering method. Figure 7 illustrates that at 45% stenosis, there
is a peak in the population at 0.329 m/s, but the emergent cluster remains unchanged. However,
for a population at a rate of 0.494− 0.549m/s, this does not occur. The clusterization results for a
stenosis level of 60% are fairly similar to those in the previous stenosis level, in that not all clusters
appear in population numbers, and cluster types at the speed of 0.494− 0.549m/s do not appear.
The clusterization results for a stenosis level of 75% give rise to a new cluster type, 0.494m/s. The
number of cluster populations has begun to decline for the low-flow category cluster type, along
with the emergence of new clusters. In the last level of clusterization with a stenosis of 90%, the
population of high-paced flows is 0.549 m/s. These results imply that stenosis of 90% gives rise
to various types of clusters, ranging from low to high levels. As a corollary, this leads to velocity
fluctuations that approach variable stenosis (turbulent flow).
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Figure 12: Comparison of velocity with different levels of stenosis.

Figure 13: Comparison of pressure with different levels of stenosis.

Figure 13 shows the clusterization results of flow pressure based on CFD simulation results
with different levels of constriction. This clusterization is processed from the CFD simulation
results in Figure 9 using the K-Means clustering method. Figure 13 shows that the initial form
(non-stenosis) has a uniform cluster, namely between 17342 and 17451 Pa, with a peak population
at a pressure size of 17397 Pa. The clusterization results for a 20% stenosis level show minimal

11



A. Fatahillah et al. Malaysian J. Math. Sci. 19(1): 1–16(2025) 1 - 16

differences from the previous level, with not all types of clusters appearing in the population
numbers, and a cluster at the pressure size of 17315 − 17478 Pa emerging at the population peak
of 17397 Pa. The clusterization results in a stenosis level of 35%, giving rise to a new interval,
namely 17315 − 17506 Pa, with a peak population of 17424 Pa. In the results of the last level of
clusterization with a stenosis of 50%, a population of varying flow pressures emerges, where each
cluster size appears between 17287 and 17553Pawith a peak population of 17451Pa. This indicates
that a 50% stenosis leads to various types of clusters ranging from low to high levels (turbulent
flow), resulting in varying pressure fluctuations on the walls experiencing stenosis.

Figure 14: Comparison of wall shear with different levels of stenosis.

Figure 14 shows the clustering results of the wall shear stress in the BRAO case. At the 45%
constriction level, the wall shear stress ranges from 1425 to 9928 Pa. This value increases as the
constriction increases from 60% to 75%, ranging from 1425 to 11345 Pa. The last level of clustering
results in 90% stenosis, leading to various types of clusters from low to high levels, ranging from
1425 to 14179 Pa. When the shear stress in blood vessels is high, it has several negative impacts on
blood vessel health, including causing damage to the endothelial layer of blood vessels, which can
trigger an inflammatory response and atherosclerosis (vasoconstriction due to plaque buildup).
In addition, high shear stress can increase the risk of blood clot formation (thrombosis). It can
cause structural damage to the blood vessel wall, such as rupture of the blood vessel wall or the
formation of aneurysms (swelling of the blood vessel wall that is at risk of rupture).

Our study has several limitations that need to be addressed. Firstly, our mathematical model
assumes a rigid wall for a realistic retinal artery branch, which includes pre-stenosis, stenosis
center, and post-stenosis segments. We believe that it would bemore accurate to use an elastic wall
model with explicit dynamics to better reflect physiological conditions. Secondly, with respect
to realistic constriction position, future research is advised to engage a BRAO model with more
realistic geometry, to evaluate the effects of constriction position. Third, in this study, the geometry
of the constriction uses a bell-shaped and symmetrical model. Further research needs to involve
other geometric shapes such as elliptical and trapezoidal. A final recommendation is to examine
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the circumstances where the constriction geometry is asymmetrical and the shapes of the upper
and lower constrictions are different.

4 Conclusions

This study has simulated the effect of constriction on BRAO in ocular stroke cases and exam-
ined how it affects flow characteristics. It has also validated a mathematical blood flow model
through stenotic retinal arteries over a wide range of stenosis levels, from 45% to 90%. Detailed
findings from the study are hereby presented:

• Numerical simulations and CFD results show that 90% stenosis in arteries can be highly
harmful, leading to a transition in flow pattern from turbulent to laminar flow.

• With the increased severity of stenosis, the pressure and wall shear stress at the stenosis
region also increase, eventually and the high-speed flow rate formed at the stenosed region
begins to dominate the flow.

• The velocity and pressure drop increase progressively as the degree of stenosis intensifies,
highlighting the importance of early intervention.

• The wall shear stress is significantly higher in the stenosis section.

This analysis is believed to provide valuable insights into CVD and assist health researchers in
their knowledge of blood flow profiles in BRAO cases. It has also contributed to a more fine-cut
understanding of the impact of BRAO on eye stroke. In addition, by determining the thickness
and length of stenosis narrowing in the retinal artery blood flow, researchers can predict when
the retinal blood vessels will rupture, which can cause eye stroke. For future research, the authors
propose the following areas of potential inquiry:

• Mathematically modeling the effect of the branching angle for the BRAO case.
• Correlation between branching angle and non-Newtonian fluid flow pattern for BRAO case.
• Asymmetrical geometry of the stenosis.
• The analysis of stenosis using hemodynamic parameters, such as the time-dependent wall

shear stress.
• Future research could apply and compare the findings of this study with experimental re-

sults.
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